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ABSTRACT: The behaviour of the quark coefficient function for the longitudinal structure
function Fr, in deep-inelastic scattering is investigated for large values of the Bjorken vari-
able . We combine a highly plausible conjecture on the large-z limit of the physical
evolution kernel for this quantity with our explicit three-loop results to derive the coeffi-
cients of the three leading large-x logarithms, o In 2”*14{“‘(1 —x), k = 1,2, 3, to all orders
in the strong coupling constant a,. Corresponding results are derived for the non-Cy, part
of the gluon coefficient function suppressed by a factor 1 — x, and for the analogous sub-
leading (1 — z) In*(1 — z) contributions in the quark case. Our results appear to indicate

an obstacle for an exponentiation with a higher logarithmic accuracy.
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Structure functions in deep-inelastic scattering (DIS) provide an important (and accessible,
via forward Compton amplitudes) laboratory for studying higher-order effects in pertur-
bative QCD. Indeed, they are presently the only observables depending on a dimensionless
variable (Bjorken-z in the case at hand) for which Feynman diagram calculations have been
extended to the third order in the strong coupling as [1-5]. Such calculations are not only
relevant phenomenologically, but also open up ways to new results for different quantities.
For instance, a direct line runs from an observation on subleading large-x logarithms at
three loop [1, 2] via its interpretation in ref. [6] to first results on the third-order splitting
functions for the final-state parton fragmentation [7, §].

In the present letter we study the same class of large-x contributions, o lnk(l —x),
to the higher-order quark coefficient functions [3, 4, 9-11] for the longitudinal structure
function Fy, (an analogous investigation of Fy and F3 will be presented elsewhere [12])
where these logarithms form the leading terms at x — 1. Such contributions have been
addressed before in refs. [13-17], but no explicit all-order predictions have been presented
so far for any coefficient function beyond the leading logarithms. This situation for the
leading large-z behaviour of F7, is in striking contrast to that for Fy and F3 where the soft-
gluon exponentiation [18, 19] is known to the next-to-next-to-next-to-leading logarithmic
accuracy and predicts the leading seven term to all orders in ay [20].

The (flavour non-singlet) quark coefficient functions C, ns provide the connection be-
tween the structure functions Fj, s and the corresponding quark distributions ¢, ,

Fa=2,L (xaQQ) ExilFa, ns (xaQQ) = Ca,ns(xaas) ® Gns (x>Q2)
:{(1—5 (1—x) —i—Zas"crfq) ]®Qns(967Q2) ; (1)

where ® stands for the standard Mellin convolution, given by

o) = [ Laws(?) )

for two regular functions and eq. (3.4) of ref. [21] if a +-distribution is involved. The
renormalization and factorization scales p, and p; have been set to the physical hard scale
Q? in eq. (1), and the expansion parameter is normalized as a5 = ag/(47).

The large-z expansion of the MS coefficient function for F, reads

Crns(as,z) = Z al c(Lrg(m)
n=1 -
— Z asn{ Z lnk(l—x)[é(ﬁ)k + (1—x)c{(£)k + O((l—x)Z)]}
n=1 k=0
Mot L D (n) 1
:N;aS{ZIHN[Lk—{——d k+0< >}} (3)

Here and below MZ"f indicates that the right-hand-side is the Mellin transform of the
previous (regular or +-distribution) expression,
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The leading x- and N-space coefficients ¢ (Ln)k and c(Ln)k in eq. (3) are related via

1
1
(—1)’?/O dr z¥"tIn*(1 - ) =kt 1)
k

k!

k k—l kfl

Nln N+l§_ TP cl In N+O<N N>
(5)

with N = Ne” and the Riemann-zeta combinations 6273 = (2,3, G =G+ %CQQ, G =
Cs + %CQCg etc. See refs. [22, 23] for the notation and properties of the harmonic sums
St (V).

It is convenient, both phenomenologically (especially for F5 and F3) and theoretically,
to express the scaling violations of non-singlet structure functions in terms of these structure
functions themselves. This explicitly eliminates any dependence on the factorization scheme
and the scale p;. The corresponding ‘physical evolution kernels’ K, can be derived for
p2 = Q? by differentiating eq. (1) with respect to @2 by means of the evolution equations
for as = ag/(4m) and q,,

dasg 11 2

Tz =0les) = =Boal=pral— ... = 5 Ci-gny, (6)

d

dlr?gQ Pas ® gy, = Za"A L—a ' @ g +... M2 =Y a0l A, lnN+.... (7)
n=1

The ‘cusp anomalous dimension’ A(as) = Ajas + Ay a52 + ... with Ay = 4C, has been
calculated to order a2 [1]. Finally using the inverse of eq. (1) to eliminate ¢, leads to the
evolution equations

d

C“TQQ fa = {Pns(as) + ﬁ(as)

d

el n)

da In Ca(as)} QF, = K, @ Fy = E al ® Fq.
(8)

Here In Cy(as) is a short-hand for the inverse Mellin transform of the logarithm of the N-

n=1

space expression C .V (as) given by eq. (4). Inserting the coefficients known from refs. [3, 4],
the same leading-logarithmic behaviour for both Fy and F7y,, viz

o Al(_ﬂ@)m{w]jo([wm

1—=x 1—=x
A
M;trf 16 lnN—i-O( n— 1N) ’ (9)
n

is established to n = 4 for Fs and n = 3 for F. For F5 the soft-gluon resumma-
tion [18-20],

Cons(N,as) = géo) (as) exp Lgél)(as L) —|—g§2) (as L) + . } , géi)()\) = Zgé? M, (10



(L = In N) guarantees eq. (9) to all orders in ag [21]. It is crucial that the physical
kernel, unlike the coefficient functions, receives only this single-logarithmic higher-order
enhancement for x — 1.

We are now, finally, in a position to state the conjecture announced in the abstract.
It is (a) that this single-logarithmic enhancement remains true for F, beyond order a2
and (b) that eq. (9) holds to (at least) n = 4 also for F. (a) implies that that there is
an exponentiation as eq. (10) (but, of course, with an overall prefactor N~!) also for Fr,

(

with some functions ng). (b) additionally requires that the leading logarithmic functions
gél) are actually the same for @ = 2 and a = L to (at least) order a2. We consider the
results of refs. [13, 14, 17] as sufficient evidence for these natural assumptions generalizing
our fixed-order results. In particular, it may be expected that the new approach of ref. [17]
will facilitate a full proof in the future.

Inserting egs. (3), (6) and (7) into eq. (8) and imposing the vanishing of the resulting

2n—3

aIn?""2 and o In contributions to K L(n) at n > 4 fixes the coefficients of the two

highest logarithms in eq. (3) to all orders n in ag (with 6,,; = 1 for n > j and 6,,; = 0 else) :

n o

CI(17 ;n—Q = 2(2CF) (TL — 1)| ) (11)
n 2 n— 6712 260 n— 0713

Lim-s =L 2Cp)" m-2! " 3 (26" (n—=3)" (12)

We have conjectured eq. (11) before [3] on the basis of the explicit calculations for n < 3
and the results of refs. [13, 14]. To the best of our knowledge, eq. (12) has not been

written down before. Furthermore the vanishing of the o' In =4 contributions to K L(n) at
n > 5 yields
1= C 1 (20p)" % + 2e® (a0 <n9f44)!
- Cg)o (2Cp)" % + %8 (2C;)" 2 (n6j55)!
- % KL ey @) (n9f44)! ' (13)

4

The last line includes the leading term of the physical kernel at order ag,

i.e., we have
not included conjecture (b) in the derivation of eq. (13). After inserting eq. (9) for a = L
and n = 4, ie., applying also (b), we arrive at a definite prediction also for the third
tower (13) of logarithms, thus reaching the predictive power of a next-to-leading logarithmic
exponentiation, cf. ref. [20]. The other coefficients in eqgs. (11)—(13) can be extracted from

the loop calculations in refs. [3, 4, 9-11],

1
(2) C.C 92 9 8
CS)O = - Cp [34+40¢o — 48¢3 + 367 — 327e(2 — 8%2]



430 92 76 8
+ CpCy -5 T 16¢2 —24(3 + 3 e 167eC2| — Cpny 9 T3% (16)
(3) 3 2 16 9
cpa=— Cp [34 — 162 +32(3 + 2167c — 1927.(2 — 4877 | + 0 Can
530 640 320
— CRCy o 80 (2 —80¢3 — 3 et 967eC2| — CpCyny 5 16 C2]
1276 64 |
+ CpC — % (2 —32¢3| + Chny o 326 5% (17)

4)—(17) into egs.
at the four-loop prediction (using

Inserting egs. (1 (11)—(13) and transforming back to xz-space, one arrives
L, = In(1 — z) for brevity)

e (x) = L;CﬁLf + {[72 — 64C)C A — % — 326, |CRC, + %C}’nf}L;’
+{ 326, — 160¢s] O — | 20 — 506, — 2086 | O, + [ 120 — D06 | Oy
+ &988 - @@ —64¢s|CECR - % - @gz C2Cn + - Cpnf }L4
+O(L2). (18)

This result will become useful also outside the large-z region in combination with a future

generalization of ref. [24] to low fixed-N moments at order o

, since fewer moments will
be needed for a useful z-space approximation analogous to ref. [21].
For future applications and possible extensions to next-to-next-to-leading logarithmic

accuracy, it is useful to reformulate egs. (14) — (17) in terms of the exponentiation coeffi-

cients g;; = g(LZ])

g(LO) _ N*l[ (1)

For this purpose we adapt eq. (14) of ref. [25] to the present case with

+ O(a2)] instead of g(o) =1+ O(as), yielding

ascr
n—1
ef s/ (4Cr) = (gli i (19)
() Ono 917 Ons 911
¢r on3/(4Cp) = mgm + ng ) (20)
(n) On2 91n1 2 On3 911 -3 1 2 Ona glnl 4
1 on-a/(4Cp) = -2 901 + -3 (922 + 5921) + -4 (913 +912921)
n—5
g2l gt 1)
Egs. (11) and (12) are obviously compatible with egs. (19) and (20). Also eq. (13) can be

recast in the form (21) by suitably combining the first and the last term in the first line.

The comparison of the two sets of expressions then leads to

2 1
91 =2Cp , g1 = gﬁoCF, 13 = 350201?, (22)



921 =00 + 47Cpr — Cp + (4 —4(2)(C4 — 2Cp) (23)

and

922 =—320F [1=3( + (3 + (7]

547 256 2 2
+CFCA 1—8_—C2+32<3+32C2 ?’Ye +§7’Lf
109 50 9 7 8 4
+ 0% 18 §C2—8C3—8C2 + Cpny §—§C2—§’Ye]
34
_C o2
ATy | g C2]
1
=5 (Bogor + A2) — 8(C4—2G)*(1-3C+ G+ ¢F) (24)

with the two-loop cusp anomalous dimension As = 8CpK, K = (67/18 — (2)Cy —
5n,/9 [26].

Some comments are in order here: As expected from the discussion below eq. (10) the
relations (22), with the value of g;5 due to conjecture (b), are identical to eq. (9) in ref. [25].
The third and first term of eq. (23) are identical, up to a trivial normalization factor, to
v, in eq. (16) of ref. [13] — see also eq. (48) of ref. [14] and note that the presence of 7. in
eq. (23) results from our use of L = In N instead of In N in eq. (10) (keeping e facilitates
some easy checks).

As shown by the last line of eq. (24), the coefficient g, = g(LQz) in the expansion of

g(LQ)(aSL) does not follow the pattern of the resummation for F, which would demand
Goo = 1/2 (5o g9y + A2) (cf., e.g., eq. (10) of ref. [25]), i.e., the absence of the ‘non-planar’
(Cy — 2Cy)? part in eq. (24). Hence also 95;23) cannot be predicted at this point (if at all
— consider the (3 contributions to egs. (16), (17) and (24) ) from lower-order information.

(3)

Consequently c;, known from ref. [4], can be used to derive 95;31) , but not (yet) the fourth
tower c ggn_ 4, of logarithms at orders n > 4.

Let us briefly turn to the gluon coefficient function C'r, 4 for the structure function F7,
which is suppressed by an(other) order in (1 —x). From the third-order results in refs. [3, 4]

we extract that

2CA) 2n—2 2n—3
CLg g, T Z a {Snfﬁ N2 1 N —+ O N— ln N (25)

holds for the first three terms of the expansion in powers of ag (for n = 1 one obviously
has O(N ~3) instead of the last term in eq. (25)). The generalization to all n can be
obtained via the physical kernel for the ‘non-singlet’ (no gluons emitted from quarks, i.e.,
only the C¥n - ~* terms are kept) gluon contribution to Fy, (cf. also ref. [8]). In fact, in
this unphysical limit our whole previous treatment of the (non-singlet — the pure-singlet
part does not contribute at the present accuracy) quark coefficient function can be carried



over to the gluon case in an obvious manner. Since they might be of theoretical interest at
some point, we present here the relations corresponding to eqs. (22)—(24):

2 1
11,9 — 2 CA’ 912, — 5 Bo CA, 9139 — 5 BOQCAa (26)

1
9o19=8+4%)Ca,  Gooy = B [Bo ga1,4 + A2,9] + CF(18—18¢y) (27)

with Ag, = C,/Cp As. The situation for g, , is analogous, if simpler in terms of the
(-function, to that in eq. (24) discussed above.

Returning to the quark case, we note that also the subleading In*(1—2) or N ~'In* N
contributions to the physical kernel (8) show only a single logarithmic higher-order enhance-
ment, again in contrast to the corresponding (1 —2) In*(1—2) or N ~2In* N terms in the
coefficient function. I.e.,

K™ (z) N Mt e (M () ey = 0 for k>m (28)
where, as before, n stands for the order in ag. Also eq. (28) is the result of the fixed-order
calculations [3-5] at n < 4 for a = 2, 3 — the missing four-loop splitting function does not
contribute at this logarithmic level [6] —and at n < 3 for a = L. It appears almost obvious
that also this result holds to all orders. Hence we can predict, completely analogous to
egs. (11)—(13), the three sub-leading coefficients dé’f%n,l,k, k =1,2,31ineq. (3) at all higher
orders, and ‘postdict’ d( ) 5 (and d! 31 and d( )) from first- (and second-) order coefficients.

Due to dé )0 = —cé )0 the overall signs are opposite to those in eqgs. (11)—(13), and the most

compact representation of the results is obtained via the sum of the corresponding In* N
and N ~'In* N coefficients. It reads

dl(:gn—Z = _c[(:%n—Z ’ (29)
n n 2 2 n— 9n2
A==y + {40+ elh} 02 (30)
n n 3 3 n— 9n3
d£ Y= C[(/,%n—4 + {d(L)z + C(L,)Q} (2C)"? -3 (31)
BO 9n4
+{aP+ P2 0™ e
2 n— ( 3)9714
B {dl(/,%) [(/2)} (2CF) ? ( —2)! :
The lower-order coefficients entering these relations read
2 2
i ==c/”) = 8C# (32)
A2y =—ci2) + CE 14+ 16( —870] — CpCy[14+8Ca] + 4Cpny | (33)
diYy=—ci’) + CF [148 — 32¢y — 4870 ] — C2C, [104 — 16Co] + 16C2n, . (34)

Obviously it is possible to recast also egs. (29)—(31) into an exponential form analogous
to egs. (19)—(24). The corresponding leading-logarithmic function g, is the same as in



eqs. (22), while gy, and gy, differ from their counterparts in egs. (23) and (24) by 2Cy
and Cpfy—14C 1%, respectively. The (-function contributions, in particular, are the same.
For comparison and use with future four-loop computations, we also carry out the inverse
Mellin transform of these results for n = 4. This leads to

cgi)l(x) =eq. (18)

16 728 80
—(1—-2) (gCﬁLf + {[8 — 64 (2] Cp — 5 326 CPCy + n anf} L;
4544

- {[568 — 608y +160¢3] Cpt + 57 - % (o +208(3| CRC,

(3388 1360 oy 368 704 X
tl—g g 204G CpCa— | ==+ -5 G| Cimy

(880 352 16
15 5 @ CECyny; + 0 CFanZ} L} + 0(L§)> + O0((1-2)%). (35)

Finally we briefly illustrate the approximations of the N-space coefficient functions
c(LszlS(N ) in terms of the leading N ~!In* N contributions (obtained from eqs. (11)—(13) by
nullifying the Euler-Mascheroni constant 7, in eqs. (15)-(17), recall In N = In N +~,). In
the left part of figure 1 we compare the successive approximations obtained by including
one (only the In* N term, the curve labeled ‘1 in the figure), two (that and the In® N term,
curve 2) etc large-N logarithms to the complete result of refs. [3, 4]. We see that including
all four logarithms leads to a good approximation down to surprisingly low values of N,

and that the highest three logarithms provide a reasonable first estimate at large N.

4

o are shown

Our new predictions (19)—(21) for the three highest logarithms at order «
in the same manner in the right part of figure 1. Comparing the shape and relative
size of these terms with those of the three-loop contributions, one has to conclude that
three leading logarithms alone are insufficient for a quantitative prediction of the unknown
coefficient function for F';,. One may expect that the complete coefficient function exceeds
the three-logarithm result in figure 1 by a factor of about 1.5 to 3 at N ~ 15...30. This

is consistent with the fourth-order Padé predictions, e.g.,
Cras(N =20) = 0.0202a5 + 0.1080 + 04650 + 2.0(1/1) pads @ + -.. . (36)

Hence the present results are compatible with (but of course not conclusive of) a fourth-

order continuation of the very slow large-N convergence of F, already discussed at order

3
s

ag in ref. [4].

To summarize: based on the natural conjecture that the physical non-singlet evolution
kernel for F;, continues to contain only one logarithm of 1—x per power of ag also beyond the
order a2 fixed by refs. [3, 4], we have derived an explicit ‘bottom-up’ all-order resummation
of the leading and sub-leading large Mellin-N contributions, oJ* N InFNforl=1andl=

2, to the quark coefficient function for this structure function in deep-inelastic scattering.
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Figure 1. Successive large-N approximations by the leading 1, 2, 3 and (left) 4 large-N logarithms
In* N = (In N++,)* for the third- and fourth-order quark coefficient function of F, for four flavours.
Also shown is the complete third-order all-N result computed in Refs [3, 4]. The curves have been
scaled to correspond to the expansion parameter «y instead of as = a/(47) used in our formulae.

Specifically we obtain the three highest logarithms at each order n > 4, i.e., the terms
al (1—x) T2 1"F1 —g) for] = 1,2and k = 1, 2, 3 after transformation to Bjorken-
x space. These contributions alone are not relevant for phenomenology, but will become
useful in conjunction with future higher-order calculations of, e.g., some integer-N moments
of this coefficient function.

With three terms per order, our present resummation has the predictive power of a
next-to-leading logarithmic exponentiation, cf. ref. [20]. However, writing the results in a
manner analogous to the well-known exponentiation of the o In* N contributions to, e.g.,
the structure function Fs, we notice a peculiar behaviour of the next-to-leading function
go(asIn N) in the exponent: the second Taylor-coefficient is not, as for F3, a simple function
of the first and the a2 cusp anomalous dimension, and hence the third coefficient cannot
be predicted at this point (if at all). If that coefficient could be derived in a ‘top-down’
approach complementary to that of this letter, then a forth tower of logarithms would be
calculable via matching to the known (but presently unused) a2 In N coefficient. It might
even become possible to achieve a full next-to-next-to-leading logarithmic accuracy which
would provide a realistic estimate of the fourth-order large-z coefficient function.
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